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Abstract. - We critically reexamine the gravitational scattering of scalar particles on a global monopole
studied in [1]. The original investigation is extended by considering dierent couplings of the scalar eld to
the space-time curvature and by varying the dimension of the space-time where the Klein-Gordon (KG) eld
lives. A universal behavior of the leading term in the scattering amplitude as a function of this dimension is
revealed.
Recently the gravitational scattering on a global monopole has been studied [1,2]. In the more recent
paper [2] the scattering of fermions has been investigated and the correct scattering amplitude for it derived.
The paper [1] that deals with massless scalar particles in a background of the monopole uses a wrong approach
based on the optical theorem to arrive at its conclusions. Since this theorem is not valid for the case under
study its application renders formulas describing the total scattering cross-section (equations (26) and (28)
in [1]) incorrect. It is therefore the main purpose of the present paper to reexamine and elucidate points that
lead to wrong results in [1]. Upon the completion of this task we will nd how the inclusion of interaction
between the scalar eld and the curvature of the space-time where it propagates aects the amplitude for the
process under consideration. To conclude we will demonstrate that the leading term in this amplitude can
be obtained as a special case of the scattering on the global monopole in an arbitrary number of dimensions
D = 1 + d of the underlying space-time with d > 1.
For the sake of simplicity, in what follows we will study only massless scalar particles in the global
monopole background. We will adopt a system of units in which c = G = h = 1.















is a covariant derivative with respect to the metric g

and R stands for the scalar curvature of
the space-time where the scalar eld 	 propagates. The parameter  is a coupling constant.























and g = det(g

).





















is static the stationary solutions to (2) can be assumed as 	(~r; t) = (~r)e
 iEt
. (See [3] for the derivation of



























(~r) = 0; (4)
where L
2
is the Laplacian on a two-dimensional sphere and k
2
> 0 as we are interested in the scattered states
only.
Due to the spherical symmetry of the problem under study as a complete set of egeinfunctions on S
2
one can employ the Legendre polynomials P
l





(cos ) = l(l + 1)P
l
(cos ): (5)










(cos ) upon the separation of variables brings us to the



















R = 0; (6)
the primes denoting the dierentiation with respect to r. By demanding that R is regular at the origin one




















(see [1] for more
details).



















as r!1. We are primarily interested in the function f(), the scattering amplitude
that contains information on the dierential cross-section of the scattering process. Using the partial wave













where a phase shift 
l











































as shown in Appendix A produces a Dirac-delta term which was overlooked in [1]. Besides, as we will








that being strongly divergent for some values of  results in an innite total scattering cross-section  for






usually invoked to relate f() to  even if naively valid in the sense that both sides of it are innite does not
provide any meaningful information on the scattering process under consideration. Moreover, the optical
theorem is formally (naively) valid only due to the presence of the delta term 
0
that was omitted in [1].





















































































































one makes use of the generating function for the
















: Therefore in our approximation the




































cos   cos 

(16b)
for the remaining range of . As seen from the last equations the dierential cross-section is singular for




. This eect however is clearly
an artifact of the approximation used and if the omitted terms are present the scattering cross-section is not
likely to vanish, at least not for the angles satisfying the above condition.











































where ! =    . Clearly, the main contribution to the cross-section comes from the vicinity of the ring
 = , which corresponds to the limit ! ! 0 in eq.17 and should physically be understood as the condition
!  . It is in this limit that the singularity of the scattering cross-section for a non-forward scattering is














As seen from this formula, the singularity so strong is bound to yield an innite total cross-section even



























It is through eqs.17 and 18 that the physical signature of the monopole on the scattering of scalar particles
is exhibited in the most prominent manner.




































(~r) = 0 (19)


























R = 0 (20)




















. We see that the only














= 0 causing formulas (16) and (17) to simplify considerably. For the massless conformally










) is slightly more than twice as large as for the massless,
non-coupled eld.
We will now establish a universal behavior of the leading term in the dierential scattering cross-section
for the scattering on the global monopole in an arbitrary number of dimensions.




















is the metric on a (d   1)- dimensional sphere and b
2
reperesents the monopole defect which
in (1+2)- and (1+3) -dimensional spacetimes is the angular and the solid angle defect, respectively. For
d > 3 one has to do with defects that result in decits on spheres of higher dimensions. In what follows we
will assume d > 2.

























(~r) = 0 (22)
(see the derivation of eq.4), where L
2
d 1








Y = l(l + d  2)Y (23)
and in the case of spherical symmetry are known as the Gegenbauer polynomials G
s
l
(cos ), where s =
d 2
2
and  is an angle between two arbitrarily chosen directions from the center of symmetry. In what follows we
will treat  as the angle between an incoming and a scattered wave.








































































































































(cos ) is zero (unless  = 0 when it is innite















(cos ) will be studied in a greater detail for it is the one that contains the leading

































































































(cos ) = [2(cos  cos )]
 s
: (31)
The last formula can be worked out by performing straightforward manipulations on the generating function




















(cos   cos )
s+1
(33)






















The last formula is valid for d > 2 and  > . It can easily be analitically extended to  < , but since






(cos   cos )
: (35)
As opposed to d > 2 the scattering amplitude on the monopole in (1 + 2)- dimensional space-time is known











thus exhibiting a universal behavior in a sense that it can be described by a single unique formula which as
a function of d applies to all dimensions d > 1.
In conclusion, we have shown that the optical theorem as employed in [1] for the gravitational scattering
on the global monopole is not valid, thus producing the wrong total cross-section for the process under study.
The situation here is similar to the Coulomb scattering where the total cross-section is divergent due to the
long-range nature of this interaction and is characteristic to the scattering on the global monopole in any
number of dimensions in which the global monopoles are conceivable. For the 1 + 2-dimensional monopole
it was rst noticed in [4]. It is the cone-like structure of these space-times that provides the long-range
interaction thereby making even high angular momenta contribute in a non-negligible manner to the total
scattering cross-section. Although the appearance of the delta term in the scattering amplitude is the main
obstruction in a meaningful application of the optical theorem, the theorem would not be valid even if this
term were left out. We have also demonstrated that the coupling of the scalar eld to a non-zero curvature
of the space-time can aect the scattering amplitude leading in some instances to its simplication. A nice
feature of the amplitude is that its leading term is given by a single universal formula valid for all space-time
dimensions that allow for the existence of global monopoles.
Appendix A.
We will show here that 
s
0
















it is straightforward to see that



































(cos ) = lim
h!1
(h; x)
and equals 1 if x = 1 or 0 otherwise, which clearly demonstrates that 
s
0
is equal to a Dirac delta term. For
















(cos ) must be proportional to some
Dirac delta as well. To establish the coecient of proportionality we will employ the orthogonality relation





















(x) and integrating over x one obtains 2 due to (A3). Therefore one is lead to
conclude that 
0
= 2(1  cos ).
Appendix B.
Below we present the phase-shift method also known as the partial wave analysis applied to a spherically
symmetric scattering in D = 1 + d (d > 2) space-time dimensions.
In D dimensions the stationary Schrodinger equation describing a single freely propagating particle of






)	(~r) = 0; (B1)
where k
2
























being the Laplacian on a (d   1) -dimensional



























R(r) = 0; (B3)
where  is an angle between two arbitrary directions from the center of symmetry which in our case is the
center of scattering. In what follows we will think of  as the angle between an incoming and a scattered
wave. The solutions to (B2) in terms of functions of cos  are called the Gegenbauer polynomials. We will










Let us now work out the solutions to (B3). We will denote them by R
s
l










































(kr). Once we know the solutions to (B3) the most complete solution to (B1) can be found












(cos ). Knowing that the asymptotic behavior of J












































In the presence of a potential V (r) modyfying eq.(B1) through its impact on k
2
one should expect phase































On the other hand one can compose 	
V
(~r) of the incoming wave e
ikr











where f() is the scattering amplitude and the incoming wave propagates along the z -axis. It is this axis























Using (B9), (B5), and (B8) one can express the asymptotics of 	
V












































. It is from
























































(cos ) : (B12)
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